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WEIGHTED NORM INEQUALITIES
FOR POTENTIAL OPERATORS

MARTIN SCHECHTER

ABSTRACT. We give sufficient conditions for inequalities of the form

q 1/q 1/p
(/ (/ Gz -y)f(y) du(y)) dw(z)> <C (/ |f(»)IP dV(y)>

to hold for measurable functions f. We determine the dependence of the
constant C on the measures u, v, w and give some applications.

1. Introduction. Let G(z) be a nonnegative function on R", and let u, v, w
be Borel measures. If we define

(11) Gdu(a) = [ Gla - v)duty),
we shall be interested in inequalities of the form

(1.2) |G f dullgw < Cllfllp.w
where

il = ([ 1700 du(y))l/".

Such inequalities arise in many areas of mathematics and physics, and we shall be
giving some applications.

In addition to the assumption that G(z) be nonnegative, we shall also assume
that there is a constant Cy such that

(1.3) G(y) < CoG(z) when |z <2[y|. O
This condition is satisfied in most cases of potential functions. For instance, the
Riesz potential is given by
I(z) = D(3(n — ))27°7~"/2D(45) |z~
and the Bessel potential is given by
Gs(z) = (4m)™"/?T(1s)7? /oo etz /atyl(s—m)-11/2 gy
0
Both of these functions are radial and decreasing in |z|. Hence they satisfy (1.3)
with CO =1.
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For any function of sets 0(Q), we define
(1.4) M, sdu(z) = sup o(Q) 'u(Q)
TEQ
QI
where the supremum is taken over all cubes @) with sides parallel to the coordinate
axes, containing the point z and having volume |Q| < 6™. Here

ue) = [ dutw).
We also take
(1.5) M, dp(z) = My, o0 du(z) = sup a(Q)~'u(Q).

We consider finite cubes @ with sides parallel to the coordinate axes. For a cube
Q we let [(Q) denote the length of its side and we put v(Q) = 4\/nl(Q). For o > 0
we let a@ denote the cube with side length a!(Q) and having the same center as
Q. For a measure u we let pg denote the restriction of u to Q.

Our first result is

THEOREM 1.1. Assume that a,b,p,q,t > 1,t <p <a and that

(1.6) 1/a+1/b=1/q.
Assume also that p is absolutely continuous with respect to v and that
(1.7) lGdpellgw < o0

for all G. Let

(18) om+8ﬁmm=w@ng/
y J]z-y|<v(Q);z€Q

and let p, T be functions of sets such that

(1.9) a(Q) > p(Q)tr(Q)M

for any cube Q, wheret' =t/(t —1). Then there is a constant C depending only on
D, q, and n such that

IGS dullqw < CCEN S lp.ol M (dp/dv)* dvllys,
x sup v(Q) 7|\ Mpxq dvl|X/}
Q

G(z - y) dw(z);

(1.10)
a/tw,Q’

Variations of this theorem are given by
THEOREM 1.2. Under the same hypotheses
IGS dpllgw < ¢7"29% (g + 1) T9CE] | fllp,o

X || M, (dp/dv)”" w37, .

(1.11)

THEOREM 1.3. Under the same hypotheses, if p < q, then

(1.12) ||GS dullgw < CCGlIflp.w Sup lldu/dvlly D QlIMoxq(du/dv) dvllgw -
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THEOREM 1.4. Under the same hypotheses, if p < q, then

16 dullgs < COFI .o sup 1My (disf ) dvllfi g

(1.13) » _1/,,

The proofs of these theorems will be given in §2. The first step is to prove

||Gfdﬂ||q,w < Cq”Mafdll”q,w

where C, = ¢~129%1(q + 1)1*+1/4C¢ (Corollary 2.4). This estimate is obtained by
a method of Muckenhoupt and Wheeden (3]. Then we find estimates for the right-
hand side (Theorems 2.7-2.10). Here we use, among other things, results of Sawyer
[1].

An interesting consequence of these theorems is

COROLLARY 1.5. Assume that (1.7) holds and that o is given by (1.8). If
1<t<p<qand

(1.14) Q) = / (du/dv)" dv
Q
then
(1.15) 16 dplq.o < Csup (@)~ PIIMytri-x@ Vil ol

Next we show how we can weaken (1.7). We let

G, du(z) = / G(z - y) du(y)

lz—y|>r
and assume
(1.16) |G, dugllqw < oo for some r and all Q.
We have

THEOREM 1.6. If(1.7) is replaced by (1.16), then Theorems 1.1-1.4 and Corol-
lary 1.5 hold with Cy replaced by ¢~929%1(q + 1)9+1C4.

Special cases of inequality (1.2) have been considered by several authors (cf.
[1-25] and the references quoted in them). It does not appear that anyone has
hitherto studied (1.2) in its full generality. An important aspect of our approach
is that there are no preconditions placed on the measures u, v, w. Inequality (1.2)
holds provided (1.16) holds and the constants in any of the inequalities (1.1), (1.12),
(1.13), or (1.15) are finite.

As an application we consider the weighted Sobolev space H*P(R",dv) with
norm given by

(1.17) ||u”s,p,v = ”F(l + |€|2)3/2FU“p,u

where F denotes the Fourier transform

Fu(¢) = (2%)“"/2/ e *%%y(z) dz

R

and F denotes its inverse. We shall be concerned with the case s > 0. As an
application of Corollary 1.5 we have the following theorem.
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THEOREM 1.7. Assume that 1 <t < p < q and that there are constants o < q,
R such that

(1.18) / el du(z) < 0.
|lz|>R

Let 0 be given by

(1.19) o([1 +8v/n]Q) = w( /sup/I Gs(z — y) dw(z)

z-y|<v(Q);z€Q
and let T be given by

(1.20) Q) = / (dz/dv)" dv
Q
If the Lebesgue measure 13 absolutely continuous with respect to v, then

(1.21) llullgw < CS%PV( ) TVP I Myiri-ixQ dl’llq/th”“”m"'

We can also obtain criteria for (1.2) to hold even when ¢ < p by using either
Theorem 1.1 or Theorem 1.2. Moreover, we can have our inequalities depend on
the operators M, s with 6 < oo and the supremum taken over cubes @ satisfying
|Q] < 6™ if we assume

1/p’

p'/e du®
/ / G(z — y)?dw(z) B < 00.
lz—y|>r dv

This can be seen from the theorems of §2. The formulation of such theorems is
straightforward and is left to the reader.

Proof of the theorems of this section will be found in §2.

After this paper was submitted for publication, Eric Sawyer gave the author a
copy of his paper [26] in which he finds two conditions which together are necessary
and sufficient for (1.2) to hold in the case p < q, 4 = v, and G(z) is a positive
semicontinuous radial function decreasing in |z|. In the present paper we do not
necessarily make these restrictions. However, our conditions are only sufficient. It
would be of interest to find the relationship between the results in the cases of
overlap.

2. An inequality. In this section we shall prove a basic estimate that will be
used in establishing the theorems of §1. First we have

THEOREM 2.1. Let 0 < g < oo, and let u, w be locally finite Borel measures
on R™. Assume that the function G(z) on R™ satisfies

(2.1) G(z) 20
and
(2.2) |z| < 2|y| implies G(y) < CoG(z).

Then for everye >0 and 6 >0
(2.3) |G, dull} , < €|Gar dpllg ., + (2971 CE /)| Mo ,s dull]
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where

(2.4) Grdula) = [ Gla=v)du(y),
lz—y|<r

(2.5) M, sdu(z) = sup o(Q)™'u(Q),

TEQ
QILs™

(2.6) o([1+8vn]Q) = w(Q)/sup

/ Gz — y) du(2),
Y J|z—y|<4v/nl(Q);z€Q

and

(2.7) r < 2v/n6/(1 + 8y/n).

PROOF. Let
Sy = {z € R"|Gar du(z) > A}

for any A. If S) # R"™, then
(2.8) S=J @
=1
where the cubes Q); have sides parallel to the coordinate axes, have disjoint interiors,
and satisfy

(2.9) d(Q;, 55) < 3vnl(Q;)

where M¢ denotes the complement of M in R™ (cf. e.g., [17, p. 10]). By subdividing
Q; if necessary, we may require that

(2.10) pi = 4v/nl(Qy) < 2r.

If (2.10) is achieved by subdivision, we lose (2.9). But in this case we can also
require

(2.11) T < py-

Thus we can make each Q; satisfy (2.10). If it does not satisfy (2.11), it will satisfy
(2.9).
Let b, d be positive numbers to be determined later. Define

(2.12) E; = {z € Q|G du(z) > b, My s d(z) < A}

for each j. Let Q be one of the cubes Q;, and let E C Q be the set given by (2.12).
Assume first that @ satisfies (2.10) and (2.11). Then we have

Ao [ Gy du(z) du(z / /I . S0 du(s)dul)

=/ [/ G(z—y) dw(z)] du(y)
|z—y|<r;z€Q

< sup / Gz - y) dw(z) / du(y)
Yy Jl|z—y|<pz€Q Q+2p

Sw@)Moy@)+20du(z), z€Q,
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by (2.6), where p = p;. Assume that E # . Since I(Q) + 2p < é by (2.7) and
(2.10), there is an z € @ such that

Mo 1(Q)+20 du(z) < Ad.
Thus
(2.13) w(E) < (2d/b)w(Q)
(the reason for the 2 will be given later).

Next assume that @ satisfies (2.9) and (2.10) but not (2.11). Thus p < r, and
there is a point z and in S, within a distance of 3,/nl(Q) of Q. Thus

(2.14) Gaor du(zg) < M.
If z € Q, then |z — z¢| < p. Hence if |y — z| > p, we have

ly — 3ol < |y — o] + |z — 70| < 2ly — 2.
Thus if z € Q, then

G.d = -
me)) /|x-y|<p+/p<|z-y|<r G(z —y) du(y)
< G,du(z) + Co/ G(zo — y) du(y)

|zo—y|<2r
= G,du(z) + CoGar du(zo)
< Gpdu(z) + CoA
by (2.2) and (2.14). We now take b = 2Cy. Then
E C {z € Q|G,du(z) > 5b), My sdu(z) < dA}.

Consequently,

—/\bw(E /G du(z) dw(z //'I i< G(z —y) du(y) dw(zx)

:/ (/ G(x—y)dw(x)) du(y)
|lz—y|<piz€Q

< w(Q)Mo (@) +20 Au(z), TEQ,
w(Q)Ad,

by (2.6) and (2.7). Thus (2.13) holds in this case as well (here we need the factor
of 2). If we now add (2.13) over all the cubes, we obtain

w({Grdu(z) > Ab, Moy s du(z) < Ad}) < (2d/b)w(S)).

Thus
w({G dp(z) > Ab}) < (2d/b)w(Sy) + w({Mo,s dp(z) > Ad})

and consequently

/N w({Gr du(z) > Ab}) dA?
0

2d N N
<2 [ s+ / w({My 5 du(z) > Ad}) dA7.
0 0
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This gives

Nb
/0 W({Cy du(z) > 7)) d?

N b Nd
< 2db-"! / W(S3)dN7 + o / w({Mys du(z) > 7}) .
0 0
Letting N — oo, we obtain
(2.15) IG» dulld ., < 24577 | Gz dull} , + (b/d)%||Mo,5 dpll .-

If we now take € = 2db9~1, b = 2Cp, we obtain (2.3). O
COROLLARY 2.2. If1<g< o0 and

(2.16) IG il < o0,

then for0 <e <1

204108
(2.17) 1G dullaw < T—ay1/aga Mo dbllos
where
(2.18) M dp(z) = My 0 du(z) = sup o(Q) ™" u(Q).-

z€Q
PROOF. We note that

Grdp < Gdu, Mysdu < My du.
Thus (2.3) implies
G- dullg., < e?lGdulll,, + (271 C§/e)|| Mo dull] -
Since G, du /" G du the result follows. O
COROLLARY 2.3. If1<¢g< o0 and

(2.19) 1G dugllq < o0
for each finite cube Q, then
(2.20) G dullgw < ¢ 1271 CE (g + 1)'1/9|| M, dpllg -

PROOF. Let {Qk} be a sequence of cubes such that xo, — 1, and let duy =
XQ A Then ||G dukl|q,w < oo for each k. Thus by Corollary 2.2, inequality (2.17)
holds for uj. Since My dux < M, dp and G dux /* G du, inequality (2.7) holds for
p. The constant in (2.20) is obtained by minimizing the constant in (2.17). O

COROLLARY 2.4. If1<q < oo and (2.19) holds, then
(2:21) |G f dullgw < Cql My f dpllgw
for all measurable functions f > 0, where Cy is the constant in (2.20).

PROOF. For each f, let {fx} be a sequence of simple functions with compact
supports such that 0 < f, / f. By (2.19)

|G fk dugllgw < 00
for each k. Thus by Corollary 2.3

G fk dpllg, < Col Mo fi dullg .-
Since M, fr du < M, fdu and G fr dp /' G f du, the result follows. O
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PROPOSITION 2.5. Suppose u ts absolutely continuous with respect to v, 1 <
r < 00, and p, o, T are functions of sets such that

(2.22) a(Q) > p(@)V (M.
Then

d 1_, /7’
(2.23) agfd/.l, )<[Mp5frdl/ ]l/r [ ng—u dl/(:l:):| .

PROOF. We note that for any cube Q

“/Qfdus [p(Q)-I/Qf'du]l/ [ @ / Ll dl

Apply the definition. O
If we use the notation

1/p
(2.24) 1l = ( /Q )P dA(z))

we have

COROLLARY 2.6. Under the hypotheses of Proposition 2.5

1 ’
Y

M, s d,u dv

(2:25) 1Mo.s f dpalla,.@ < [1Mp,5 1" du|l); a

a/rw,Q

b/t \w,Q

where a,b > q satisfy
(2.26) 1/a+1/b=1/q.
The following was essentially proved by Sawyer [1].

THEOREM 2.7. Assume that 1 <p < q <00, p<oo. Then

(2.27) 1Mo/ dpallg < ClIfllpw

holds for all f if and only if u 1s absolutely continuous with respect to v and

d/l p'/p

<c
7,w,Q dv P vQ

du”l
(2.28) | Ma,EXQd_v dv

hold for all cubes Q with |Q| < 6™.
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A variation of this is

THEOREM 2.8. Assume that 1 < p,q < oo (we can allow ¢ < p). Letr, a, b be
numbers such that (2.26) holds and

(2.29) l1<r<p<a.

Let p, T be the set function satisfying (2.22). Then there is a constant C depending
only on p, q, and n such that

1Mo f dpallg < ClIM: s (dp/dv)” dvlly)r |1 fllps

x sup v(Q)~ 1/"||M §X dl/”
QI<6n p0%@ " afrwQ:

(2.30)

PROOF. By Theorem 2.7

IIMp,sf’dVIIf,f:w_Cllf'll,l,flu Sup ¥(Q)° 2| fpsx@ AVl 0

If we now make use of Corollary 2.6, we obtain (2.30). O

THEOREM 2.9. Under the same hypotheses
(2.31) 1M,s f dpllago < Mo (dpfdv)? A1/ 1 fllp-

PROOF. Taker=p,p=1,7= o? in Proposition 2.5. Then we have

d » 1/p
Mysf du(z) < [|fllp [ oo du(x)] :

This implies (2.31). O
We also have

THEOREM 2.10. Under the same hypotheses, if p < q, then

1Mo, f dpallaw < Cllfllpu sup ||Mys(dp/dv)” duvlyr, , o
(2.32) |QI<én o

X sup ||M,sxqdv ‘11/: v(Q)~/?.
s (M50 dvlr v(@)

PROOF. First we note that for any cube @

(2.33) XQMosfdp < Mo sxQ+26f dp.
Let {Ix} be a covering of R™ by disjoint cubes of side length §. Then by Corollary
2.6

1/q
[1Mo,sf dullg,w = (Z [|Mos f duIIZ,w,Ik)
k

rl
M;s _d_u dv
dv

1/r’' 1/q
(Z M5 f" dunz;:,w,,k) :
b/r\w, I

k

< sup
k
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By (2.33) and Theorem 2.7, this last expression is bounded by

1/q
(Z 1My X1, dvnzé:,w) < S QT IMexa g
k =

1/q
X (Z lIxar f" dV“Zé:,U> :
k

Since p < ¢, the last expression is bounded by

1/p 1/p
(lexwkf' dvnzfz,u) - (‘”‘ZW dvnzx,u) = 3717\ ||
k k

If we combine these inequalities, we obtain (2.32). O

PROPOSITION 2.11. If u is absolutely continuous with respect to v and

G,rdu(z) = /I I G(z —y) du(y),
T—y|>7r

then

~ p'/qd o 1/v'
(234) 11Go 7 dullgs < 11l ( / ( [ G(l‘—y)qdw(l‘)) i du) .
z—y|>r

PROOF. We have

G+ f dullg. = ( / ( /| N G(z—y)f(y)du(y)> dw(x))
T—y|>T

1/q
</ ( /,Z_W,G(""y)qd“’(“) L vty)

p'/q d,u”l /v
< (/ (/ll_y'>rG($—y)0dw(z)> > dV) [1f1lp,o-

Now we give the proofs of the results of §1.

PROOF OF THEOREM 1.1. We note that (2.21) holds by Corollary 2.4. Then
we apply Theorem 2.8 with r =t and 6 = oo.

PROOF OF THEOREM 1.2. We combine Corollary 2.4 with Theorem 2.9 taking
6 = oo.

PROOF OF THEOREM 1.3. Here we combine Corollary 2.4 with Theorem 2.7
(again taking 6§ = 00).

PROOF OF THEOREM 1.4. Here we use Theorem 2.10. O

PROOF OF COROLLARY 1.5. For t # 1, take p = o'7*~t in Theorem 1.4. Then

M, (dp/dv)t dv = M, dr = 1.

1/q

If we take b = 0o, a = ¢, we obtain (1.15). For the case t = 1, we use Theorem
1.3. O
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Next we show how we can weaken (2.19) to
(2.35) IGr dugllqw < 0o for some R and all Q.
We have the following replacement for Corollary 2.4.
COROLLARY 2.12. If1< g < oo and (2.35) holds, then
(2.36) IG S dpllgw < 792941 CE (g + 17| Mo f dpllg,oo-

PROOF. We follow the proofs of Corollaries 2.2-2.4. First assume ||Gg dpllgw <
0o. Then by (2.3)

[|Gr dullgw < €l|Gar dpllg,w + 2q+ICgs_q”Ma dpgw-

Thus
(1= )|Gr dpllgw < €llGr dullg,w + 291 Ce ™| Mo dpllg,-

Since
Grdp / Gdp, Grdu\,0

we have in the limit

(1= &)lIG dpllq.w < €927+ CF|| M, dpillg -

If we take € = ¢/(q + 1), we obtain (2.36) for f = 1. The general case is obtained
as in the case of Corollaries 2.3 and 2.4. O

PROOF OF THEOREM 1.6. We replace Corollary 2.4 with Corollary 2.12 and
follow the proofs as before.

PROOF OF THEOREM 1.7. We note that (1.18) implies (1.16) for G(z) = Gs(z).
In fact for 8 < 1

Gs(z) = O(eP17)  as |z| — oo.

Thus the expression in (1.16) is bounded by a constant times

q 1/q
(/ (/ e~ Plz—yl dy) dw(z))
lz—y|>RiyeQ
1/q
—qB|z—y|
S/Q (/Ix_bee wlz—y dw(z)) dy.

This will be finite for R sufficiently large if (1.18) holds. For u € H*?P(R",dv) let
f=F1+|¢?*)*?Fu.
Then

ullspw = [Ifllpe and |lullgw = Gsf dzllgw-
We can now apply Corollary 1.5 and Theorem 1.6 to obtain (1.21). O
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